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Compact star model in Einstein Gauss-Bonnet Gravity within the framework of Finch
Skea space time.
Iftikar Hossain Sardar∗
Department of Mathematics, Jadavpur University, Kolkata 700032, West Bengal, India
In this article we provide a new class of interior solutions of a five dimensional compact star in
Einstein Gauss-Bonnet (EGB) gravity within the framework of Finch-skea space time. The Exterior
space time is described by the EGB schwarzschild solution. To check physically validity of our model
we investigate various physical properties like causality of solutions, Energy conditions, mass radius
relations, TOV equations etc.
PACS numbers:
I. INTRODUCTION
Compact star is a object which is very massive and has a small radius, i.e. it is a very high density object.
In astrophysics Compact stars are used to refer collectively to white dwarfs, neutron stars and black holes. The
formation of compact stars depend on usual endpoint of stellar evolution.Researchers are always very much interested
to the study of relativistic models of compact stars like strange star and neutron star. Strange stars are composed
of quark or strange matter while neutron stars are composed of neutrons. In 1972, Ruderman[16] investigated the
pressure inside the highly compact astrophysical objects like X-Ray buster, X-Ray pulsar, Her X-1, PSR-J1614-2230,
LMC X-4 etc. having the core density beyond the nuclear density (∼ 1015gcm−3) which are anisotropic in nature.
Herrera and Santos (1997)[17] studied local anisotropy in self gravitating systems extensively. In 1984, Witten
proposed the possibility of quark phase transition in the interior of a compact star. This possibility raised discussions
of an entirely new class of compact stars known as strange stars. Her X-1, SAX J 1808.4-3658, PSR 0943+10,
4U 1728-34, 4U 1820-30 are some pulsars which are considered as a good strange stars. Applying General theory
of relativity one can not demonstrate the anomalous behaviour of gravitational phenomena such as the late time
expansion of the universe. In view of these difficulties with the General theory of relativity, recently alternate or
extended theories of gravity have aroused with great interest. The mathematical reason for this interest is that
the higher order derivative curvature terms make a nonzero contribution to the dynamics. The behaviour and the
dynamics of the gravitational field can be extended into higher dimensions easily. Einstein Gauss-Bonnet gravity is
proved promising in this regard and therefore widely studied further.
In string theory Einstein Gauss-Bonnet gravity appears naturally to consider effective action in low energy
limit. This gravity is the generalization of Einstein gravity by adding an extra term with the standard Einstein
Hilbert action, which is quadratic in the Riemann tensor. Varying this extra term with respect to the metric only
one can generate a system of second order equations and thus the theory shares many nice properties of classical
general relativity. In 4-D, Einstein Gauss-Bonnet gravity and general relativity are equivalent. Dealing with the
aspects of gravitational collapse, EGB gravity indicates several new results. The study of causal structure of the
singularities in EGB is different from classical general relativity for spherically symmetric inhomogeneous distribution
of dust and null dust. Many interesting results in EGB theory regarding black hole models have been widely studied.
Boulware and Deser[10] generalized the higher dimensional solutions in Einstein theory due to Tangherlini[14] and
the contribution of the EGB theory with quadratic curvature terms have been included by Myers and Perry[15].
However Dadhich et al.[11], Jhingan and Ghosh[13] have found the explicit exact solutions which have showed that
Schwarzschild interior solutions is universal in the sense and it is valid in both the EGB gravity and higher dimensional
Einstein theory. In general relativity, modelling of a compact stars with static spherically symmetric metric have
been studied extensively in last century. Many researchers have been found various exact solutions of Einstein and
Einstein-Maxwell system of field equations for the both charged and uncharged system of matter distribution. For a
physically valid model, It should satisfy the physical properties like the energy conditions, stability with respect to
the radial perturbations. Also the speed of sound velocity within the fluid distribution must be less than the speed
of light and the compactness of the star should satisfy the Buchdahl’s inequality. Recently Hansraj, Chilambwe and
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2Maharaj[2] find out the exact solutions for spherical static perfect fluid and Bhar et al. describe the comparative
study between Einstein gravity and Einstein Gauss-Bonnet gravity in Krori-Barua spacetime. Inspiring by these
models I am trying to develop a model of compact star in EGB gravity within the framework of Finch-Skea spacetime.
In this work I have tried to study various physical properties to check the physical validity of the model. Several
authors (Rahaman et al. 2010,2012,2015; Abbas et al. 2014)[3],[8] used Herrera’s cracking (or overturning) concept to
check stability of the star. In this regard I have also checked whether the model satisfies the causality condition or not.
The plan of this paper is as follows: In Sect.2 we have discussed about the Einstein Gauss-Bonnet gravity.
In Sect.3 and Sect.4 we have studied field equations and the mathematical solutions of EGB gravity within finch-Skea
space time. In Sect.5 exterior space time and matching conditions have been studied. Several physical proper-
ties have been studied in Sect.6. Finally in the last Sect.7 we have provided a concluding remarks regarding our model.
II. EINSTEIN GAUSS-BONNET GRAVITY
The action in five dimensional Gauss-Bonnet gravity is written as,
s =
∫ √−g[ 1
2
(R− 2Λ + αLGB)]d5x+ SM (1)
The first term is the Einstein-Hilbert action and the last term is matter Lagrangian. In this action α represents
Gauss-Bonnet coupling constant. The Gauss-Bonnet Lagrangian is quadratic in Ricci scalar, Ricci tensor and the
Riemann tensor, which is given by
LGB = R
2 +RabcdR
abcd − 4RcdRcd (2)
However the action has an advantage that the equation of motion turn out to be second order quasi linear which is con-
sistent to the Einstein gravity. The Gauss-Bonnet term makes no influence for n ≤ 4 but for n > 4 it has contribution.
The EGB field equations can be written in the form,
Gab + αHab = Tab (3)
with metric signature (- + + + +). Here the quantities Gab, Hab and Tab are the Einstein tensor, Lanczos tensor and
Energy momentum tensor respectively. The Lanczos tensor is defined in the form,
Hab = 2(RRab − 2RacRcb − 2RcdRacbd +Rcdea Rbcde)−
1
2
gabLGB (4)
According to low energy effective action in string theory, the coupling constant α is related to the inverse string
tension which is positive definite. The condition α ≥ 0 is generally considered. But in this paper we consider the
condition for α > 0 only. We also consider geometric units k=1.
III. FIELD EQUATIONS
The metric for static spherically symmetric in five dimensional space time is taken as,
ds2 = −e2ν(r)dt2 + e2λ(r)dr2 + r2(dθ2 + sin2θdφ2 + sin2θsin2φdψ2) (5)
in coordinates (xi = t, r, θ, φ, ψ), where ν(r) and λ(r) are the gravitational potentials. Here we consider the matter
field is a perfect fluid with energy momentum tensor Tab = (ρ + p)uaub + pgab and the comoving fluid velocity as
ua = e−νδa0 . By the EGB field equation (3) reduces to
ρ =
3
e4λr3
(4αλ′ + re2λ − re4λ − r2e2λλ′ − 4αe2λλ′) (6)
pr =
3
e4λr3
[−re4λ + (r2ν′ + r + 4αν′)e2λ − 4αν′] (7)
pt =
1
e4λr2
(−e4λ − 4αν′′ + 12αλ′ν′ − 4α(ν′)2)
+
1
e2λr2
(1− r2λ′ν′ + 2rν′ − 2rλ′ + r2(ν′)2)
+
1
e2λr2
(r2ν′′ − 4αλ′ν′ + 4α(ν′)2 + 4αν′′); (8)
3Where ρ, pr, pt denotes the matter density, radial pressure, transverse pressure respectively and
′ denotes the differ-
entiation w.r.to radial coordinate r.
IV. SOLUTIONS
To explore nature of the physical parameters, we consider the metric potential in Finch Skea space time solutions
is given by
e2λ(r) =
(
1 +
r2
R2
)
(9)
where R is the constant.
Solving equations (6) to (8) using (9), we get
ρ =
3R2
(R2 + r2)2
[
−2− r
2
R2
− 4α
(R2 + r2)
]
(10)
pr =
3R2
r3(R2 + r2)
[
− r
3
R2
+ ν′
(
r2 + 4α− 4αR
2
R2 + r2
)]
(11)
pt =
R4
r2(R2 + r2)2
[
−
(
R2 + r2
R2
)2
− 4αν′′ + ν′ 12αr
R2 + r2
− 4α(ν′)2
]
+
R2
r2(R2 + r2)
[
1− ν′ r
3
R2 + r2
+ 2rν′ − 2r
2
R2 + r2
+ r2(ν′)2
]
+
R2
r2(R2 + r2)
[
r2ν′′ − 4αr
R2 + r2
ν′ + 4α(ν′)2 + 4αν′′
]
(12)
Further we consider the EOS having the form
pr = ωρ (13)
Where ω is the equation of state parameter. Now equations (10) and (11) lead to
ν′ =
r
(4α+R2 + r2)
[
1 +
r2
R2
− ω(2 + r
2
R2
+
4α
R2 + r2
)
]
(14)
Solving this equation we get
ν =
(
r2 − 4αln(4α+R2 + r2)
2R2
)
(1 − ω)− ωln(R
2 + r2)
2
+ ν0 (15)
Where ν0 is an integrating constant Which can be choosen equal to 0, without any loss of generality.
Therefore the other parameters are obtained in the following form
ρ =
3R2
(R2 + r2)2
[
−2− r
2
R2
− 4α
(R2 + r2)
]
(16)
pr =
3R2ω
(R2 + r2)2
[
−2− r
2
R2
− 4α
(R2 + r2)
]
(17)
pt = − 1
R2 + r2
+
(
R2
R2 + r2
+
4αR2
(R2 + r2)2
)
(ν′′ + (ν′)2)
+
r
R2 + r2
ν′
[
4αR2(2R2 − r2)
r2(R2 + r2)2
− R
2
R2 + r2
]
+
2R2
r(R2 + r2)
(
ν′ − r
R2 + r2
)
(18)
4Where
ν′ =
r
(4α+R2 + r2)
[
1 +
r2
R2
− ω(2 + r
2
R2
+
4α
R2 + r2
)
]
ν′′ =
ν′
r
− 2rν
′
4α+R2 + r2
+
r
[
2r
R2
− ω
(
2r
R2
− 8αr(R2+r2)2
)]
4α+R2 + r2
We have shown the characteristics of the parameters ρ, pr and pt in fig. 1. In the fig.(1), left panel indicates that
matter density is a decreasing function and in the right panel both the radial pressure and tangential pressure are
decreasing functions.In fig.(2), We also note that the anisotropy of the model is vanishes at origin i.e, both radial
pressure and tangential pressure are equal at origin which indicates that the solutions are regular at origin.
FIG. 1: (Left) Variation of Matter density is plotted against radial coordinate r. (Right) Variation of radial and tangential
pressures are plotted against radial coordinate r
FIG. 2: Variation of Anisotropic factor ∆ is plotted against radial coordinate r.
5V. EXTERIOR SPACE TIME AND MATCHING CONDITIONS
In five dimensional stellar model Einstein Gauss Bonnet(EGB) Schwarzschild solution [10] described the static
exterior space time, which is given by
ds2 = −F (r)dt2 + [F (r)]−1dr2 + r2(dθ2 + sin2θdφ2 + sin2θsin2φdψ2) (19)
Where F (r) is given by
F (r) = 1 +
r2
4α
(
1−
√
1 +
8αM
r4
)
(20)
where M is connected with the gravitational mass of the stellar model.
Using the continuity of the metric functions and their derivatives over the boundary r = a(Radius) we get
gtt(Exterior) = gtt(Interior)
and
grr(Exterior) = grr(Interior)
i.e,
e
[(
a
2
−4αln(4α+R2+a2)
R2
)
(1−ω)−ωln(R2+a2)+ν0
]
= 1 +
a2
4α
(
1−
√
1 +
8αM
a4
)
1 +
a2
R2
=
[
1 +
a2
4α
(
1−
√
1 +
8αM
a4
)]
−1
From the above set of equations we get the solutions as
R2 =
4α√
1 + 8αM
a4
− 1
− a2 (21)
ν0 = ωln(R
2 + a2) +
a2 − 4αln(4α+R2 + a2)
R2
(ω − 1) + ln
[
1 +
a2
4α
(
1−
√
1 +
8αM
a4
)]
(22)
VI. PHYSICAL PROPERTIES
A. Energy conditions
It is well known that the anisotropic stellar model will be satisfied the null energy condition(NEC), weak energy
condition(WEC) and strong energy condition(SEC) if and only if the following equations hold simultaneously:
ρ ≥ 0 (23)
ρ+ pr ≥ 0, ρ+ pt ≥ 0 (24)
ρ+ pr + 2pt ≥ 0 (25)
In fig.(3) we have shown that all the energy conditions are satisfied by our model.
B. Mass radius relation
The effective mass of the stellar object within the radial distance r is given by,
Meff =
∫ r
0
2pi2r3ρdr = 6pi2R2
∫ r
0
r3
(R2 + r2)2
(−2− r
2
R2
− 4α
(R2 + r2)2
) (26)
6FIG. 3: The Variation of the Energy conditions of the stellar object is plotted against radial coordinate r.
Now, the compactness of the stellar object is given by the relation
u =
Meff
r
= 6pi2R2
∫ r
0
r2
(R2 + r2)2
(−2− r
2
R2
− 4α
(R2 + r2)2
) (27)
The variation of mass and compactness of the stellar object are illustrated graphically. In fig.(4) we have seen that
compactness(u) is an increasing function of r.
FIG. 4: (Left) Variation of Mass of the stellar object is plotted against radial coordinate r. (Right) Compactness of the stellar
object is plotted against radial coordinate r.
C. Surface Red shift
The surface red shift function Zs of the stellar object is given by
Zs = (1− 2u)− 12 − 1 =
(
1− 12pi2R2
∫ r
0
r2
(R2 + r2)2
(−2− r
2
R2
− 4α
(R2 + r2)2
)
)− 12
− 1 (28)
which has been illustrated graphically in fig.(5).
7FIG. 5: Surface redshift function of the stellar object is plotted against radial coordinate r.
D. TOV Equations
The generalized Tolman-Oppenheimer-Volkoff(TOV) equations can be written in the following form,
− MG(ρ+ pr)
r2
e
λ−ν
2 − dpr
dr
+
2
r
(pt − pr) = 0 (29)
Where MG = MG(r) is the effective gravitational mass inside the sphere with radius r. The effective gravitational
mass is given by the following expression
MG(r) =
1
2
r2e
λ−ν
2 ν′ (30)
The TOV equation describes the equilibrium of the stellar configuration subject to the forces such as gravitational(Fg),
hydrostatic(Fh) and anisotropic stress(Fa) so that
Fg + Fh + Fa = 0 (31)
Where
Fg = −ν
′
2
(ρ+ pr) (32)
Fh = −dpr
dr
(33)
Fa =
2
r
(pt − pr) (34)
These forces are graphically plotted in fig.(6), which describes the equilibrium of the stellar configuration under the
combined effects of these forces.
8FIG. 6: Contribution of different forces acting on interior of the stellar object in static equilibrium.
FIG. 7: (Left) Variation of Equation state parameter is plotted against radial coordinate r. (Right) Sound velocity of the stellar
object is plotted against radial coordinate r.
VII. CONCLUDING REMARKS
In the present work we have proposed a new class of interior solutions of compact object in five dimensional Einstein
Gauss Bonnet(EGB) gravity with the help of Finch-Skea metric solution. The solutions are regular at the centre and
satisfy all the physical requirements. The mass function satisfy the buchdahl’s inequality (maximally allowable mass
radius ratio 2M
r
< 89 )[6]. In the model the maximally allowable mass radius ratio is ≃ 0.21022 < 49 , which is within
the standard limit. Radial and tangential EoS parameter have been plotted In fig.(7), which shows that both the
radial and the tangential EoS parameter lies between 0 and 1. i.e, 0 < ωr < 1 and 0 < ωt < 1, therefore from [4,5] we
have | v2st − v2sr |≤ 1.
i.e;
−1 ≤ v2st − v2sr ≤ 1
which shows that the stellar object satisfies the causal condition. Plugging G and c in appropriate places one can
determined the central density and pressure. In the model the central density and the central pressure are obtained as
24.6435739965× 1015gmcm−3 and 91.405263273× 1035dynecm−2 respectively. We also calculate the surface redshift
as Zs = 0.31355, which shows that the model is highly compact object. From equation (26), we calculate the effective
9mass of the compact model as 0.2836146311M0. For all these calculations we consider the radius of the star is 1.99
km and R = 6.7, ω = 0.2 and α = −25.5.
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